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Abstract. In this work is solved the Laplace’s equation in two di-
mensions with Dirichlet boundary conditions using the Finite Element
Method. Solution algorithms were designed and were loaded into a 32-
bit microcontroller STM32. The programmed embedded system may be
used in different applications such as solution potential in electrostatics,
temperature distribution in heat equation, bubble theory or in image
processing. The aim of this work is to solve the Laplace’e equation using
an embedded system, instead of using a typical PC.
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1 Introduction

We present a numerical solution for solving Laplace’s equation on two-dimensional
irregular regions, using Dirichlet boundary conditions, the solution is imple-
mented on an embedded system that is very fast in time for numerical com-
putations. This approach uses a finite element discretization and avoid the use
of a Personal Computer. Solutions for Laplace’s equation have been studied in
works as[1], based on iteratively solving integral equations; in [2], for mixed
boundary value conditions; [3] using a Finite Volume Method and [4] where is
used a regularized integral equation method. Studies about Poisson’s equation
was made too in [5], showing a finite-volume discretization or in [6], where is used
a finite difference method. But note that no one have implemented a solution
into a microcontroller embedded system yet.

1.1 Laplace’s Equation

The partial differential equation that involves uzq(z,y) + uyy(x,y) is called an
elliptic equation. A particular elliptic equation we will consider is known as the
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Laplace’s equation [7]
0*u 0%u
@(may)+87y2($ay)—0 (1)

Laplace’s equation is often mentioned as a potential equation [8], because the
primary task of electrostatics is to find the electric field of a given stationary
charge distribution [9] and the best strategy for finding the electric field is first
to calculate the potential, V. In this case, equation (1) reduces to Laplace’s
equation:

ViV =0 (2)

Where potential function V (z,y) = u(z,y), V2 represents the Laplacian, V the
potential, with a charge density p = 0. This formula is so fundamental to the sub-
ject that one might almost say electrostatics is the study of Laplace’s equation
[9]. Some of the most used methods to solve Laplace’s Equation are: Separation
of Variables, Finite Difference Method and the Finite Element Method.

1.2 The Finite Element Method

The Finite Element Method (FEM) is useful in solving differential equations [10].
The finite element analysis of any problem involves four steps: (a) discretizing
the solution region into a finite number of subregions or elements, (b) deriving
governing equations for a typical element, (c) assembling of all elements in the
solution region, and (d) solving the system of equations obtained [10]. FEM is
the most commonly method used to solve the problem, as it is very easy to apply
to problems with any type geometries [7].

Finite Element Discretization The solution region is divided into a number
of finite elements as in Fig. 1, where the region is subdivided into six elements
(all triangular) and seven nodes. We seek an approximation for the potential V,
within an element e and then interrelate the potential distributions in various
elements such that the potential is continuous across interelement boundaries
[10]. The approximate solution for the whole region is [7]:

N

Viz,y) = > Velz,y) (3)

e=1

where N is the number of triangular elements into which the solution region is
divided. The most used approximation for V, within an element is a polynomial
approximation of the form [7]

Volw,y) = a+ba+ cy 4)
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Fig. 1. A typical finite element subdivision used for an irregular domain

in this case for a triangular element. Notice that our assumption of linear
variation of potential within the triangular element as in equation (4) is the
same assuming that the electric field is uniform within the element; that is, [10]

E, = -VV, = —(ba, + ca,) (5)

Element Governing Equations Consider a triangular element as shown in
Fig. 2, The potential V.1, V.o and V.3 at nodes 1, 2 and 3 respectively, are
obtained using equation (4)

Vet lziy1]| |a
Veol = |1 z2y2| | b (6)
Ves lzsys| |c

And the coefficients a, b and ¢ can be determined from equation (6)

a 1z - Ver
bl = |1 T2 Y2 Ve2 (7)
c 123 ys Ves

Equation (4) can be rewritten as

(z2y3 — x3y2)(T3y1 — z1y3) (T1y2 — 2201) | [Ver
Ve=[leylo7 | (e—w)  (—n) G—-w) ||[Ve| O
(x3 —w2) (21— w3) (z2 —71) Ves
where A is the area of the element e. Then (8) can be expressed as

3

Vo= Ni(z,y)Vei (9)

i=1

163 Research in Computing Science 98 (2015)



Miguel Angel San-Pablo-Judrez, Eduardo Morales-Sanchez and Fernando Ireta-Moreno

y
e,
(x,.5,)
ke,
(x,3,)
le,
x,0)

X

Fig. 2. A typical triangular element. The local numbering could be as 1-2-3.

where N, represent linear interpolating functions. They are called element shape
functions.

Now, the energy per unit length associated with the element e is given by
[10,9]:

We:%/\E\QdS:g/|VVe|2dS (10)

assuming a two dimensional solution region free of charge (pg = 0). Now if it is
applied the gradient to (9) this is

3
VV.=> V. VN; (11)

i=1
and substituting (11) into (10)
38
We =13 ;;V U VN; - VdeS] (12)

If is defined the term in brackets as
o) = / VN, - VN;dS (13)

equation (12) becomes

w. =2 [vi]" [c@] vi] (14)

€
2
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Asembling all elements Finally is needed to assemble each element in the
solution region, for this, the energy associated with the assemblage of all elements
is required

N
W= W= VTV (15)
with )
i
Vs
wi=1, (16)
Vn

N is the number of elements, n is the number of nodes and [C] is the global
coefficient matriz, that is the assemblage of each individual element coefficient
matrices.

Cnn Ci2 -+ Cra
Cop Cap --+ Coy
Cl=1 . . . . (17)
Ci11Ca12--+ Conan
Here C}; is obtained with the fact that the potential distribution must be
continuous across interelement boundaries. The size of C' depends on the amount
of involved nodes and Cj; is the coupling between nodes i and j. Some properties
of the C;; matrix are:

— Is symmetric (C;; = Cj;) as the element coefficient matrix

— Since Cj; = 0 if does not exist coupling between nodes 4 and j, for a large
number of elements [C] becomes sparse and banded.

— It is singular.

Solving the Resulting Equations From variational calculus, it is known
that Laplace’s equation is satisfied when the total energy in the solution region
is minimum. We require that the partial derivatives of W with respect to each
nodal value of the potential be zero. Using the Band Matrix Method together
with Gauss-Jordan method it is possible to minimize the total energy in the
solutions region (derivatives of W respect each nodal value of the potential be
zero). Finally the vector solution of equation (16) can be found and a potential
distribution with equation (9) may be obtained. Because of a separation of fixed
and free nodes in the Band Matrix method, free element coefficient matrix is
not singular and it is possible to inverse for finding free node potentials. Once
analytically analyzed the problem, an algorithm for solving the problem can be
designed to implement into the STM32 microcontroller. Fig. 3 shows the solution
algorithm to solve Laplace’s equation in a two dimensions region with Dirichlet
boundary conditions.
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Fig. 3. Algorithm to solve Laplace’s equation.
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1.3 Implementation on the STM32F Discovery

Laplace’s equation solution by the FEM is typically made using a PC, with
solution algorithms implemented in compilers of different high-level languages
or using specialized commercial software. But some specific applications require
calculations programmed into embedded systems. Examples are: Electrostatics,
Electrical Impedance Tomography, temperature measurements, image analysis
an so on. A big advantage to solve a differential equation in an embedded system
is the reduction of space in the final implementation. Another advantage is that
the system performs only a particular task [11], in this case the solution of
an elliptic differential equation. Power consumption and portability are other
advantages.

In this work, a microcontroller (MCU) of the family STM32 32-bit ARM
Cortex was used. The STM32 family of 32-bit Flash microcontrollers are based
on the ARM(@©Cortex(©)-M processor. It offers a 32-bit product range that com-
bines very high performance, real-time capabilities, digital signal processing, and
low-power, low-voltage operation, while maintaining full integration and ease of
development [12]. Such computational characteristics are sufficient to implement
the algorithm shown in Fig. 3.

Fig. 4. Embedded system STM32F429IDiscovery where solution was loaded [13]

Fig. 4 shows a target with MCU STM32F429Z1T6 and a LCD to display
numeric results. This kind of board is the embedded system used to implement
the solution.

2 Results

The development of the source code has four stages:

— First, the input of the number of elements, the number of nodes, the number
of fixed nodes, the prescribed values of the potentials at the free nodes, the
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x and y coordinates, element-node relationship and prescribed potentials at
fixed nodes.

— Second, to find the element coefficient matrix [C(¢)] for each element and
the global coefficient matrix [C].

— Third, to solve the inverse of the gobal matrix by Gauss-Jordan elimination
technique.

— Finally, outputting the result of the computation on a screen or display.

Numerical results are shown by an electrostatic application example.

2.1 Validation with an electrostatic example

The algorithm that solve Laplace’s equation was compiled in a free version of
Keil uVision 5 and loaded into a STM32F429IDiscovery board. For test the
embedded system, it was used a triangle region example from [10] that consists
in a two-dimensional problem as shown in Fig. 5. The triangular region is divided
into 25 triangular elements with a total of 21 nodes and some Dirichlet boundary
conditions are taken as: 100V in nodes 11, 15, 18 and 20; 50V in nodes 6 and
21; OV in nodes 1, 2, 3, 4, 5, 6 and same OV in nodes 7, 12, 16, 19.
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Fig. 5. Solution region divided into 25 elements

The numerical solution is computed in each node and displayed into STM32F
Discovery board screen as is shown in Fig. 6. It is possible to observe a numerical
comparison with results of the same example from [10] in Table 1.

An important observation is that Discovery board can process operations
with matrices of size up 5 x 5 without problems; with operations between matrix
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Fig. 6. STM32F running an example

Node|Reference|Computed| Error
No.| Potential| Potential

1 0.000 0.0000(0.0000
2 0.000 0.0000{0.0000
3 0.000 0.0000{0.0000
4 0.000 0.0000(0.0000
5 0.000 0.0000/0.0000
6 50.000| 50.0000{0.0000
7 0.000 0.0000{0.0000
8 18.182| 18.1818|0.0002
9 36.364| 36.3636/0.0004
10 59.091| 59.0909|0.0001
11| 100.000{ 100.0000{0.0000
12 0.000 0.0000/0.0000
13 36.364| 36.3636|0.0004
14 68.182| 68.1818(0.0002
15| 100.000| 100.0000{0.0000
16 0.000 0.0000(0.0000
17 59.091| 59.0909|0.0001
18| 100.000| 100.0000{0.0000
19 0.000 0.0000{0.0000
20( 100.000{ 100.0000|0.0000
21 50.000|  50.0000{0.0000

Table 1. Comparison between reported potential and computed potential.
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sizes of 90 x 90 can be observed that there are some processing problems, and
for sizes for more than 100 x 100 it is needed to add auxiliary variables when
we compile in Keil free version compiler. The auxiliary variable can be a simple
double type or a double vector type. The syntax is:

for(...){

auxiliary[1]=C[i]
C[i] = auxiliary[i] + value[il*matrix[i] [j];

}

instead of
for(...){

C[1] = C[i] + value[il*matrix[i][j];

}

3 Conclusions

It is possible to solve Laplace’s equation using a microcontroller of the family
STM32 and avoiding the typical use of a PC. Both the global matrix compute
and the Gauss-Jordan elimination are supported and solved very fast. To solve
large vector and matrix operations such as addition in the Keil compiler, it
is needed an auxiliary variable to compute correctly operations of recursive
type variableli] = wvariable[i] + function(i); using this form: auwziliaryli] =
variable[i]; and variableli] = auxiliary[i] + function(i);.
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